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Impurity filling fraction limits (FFLs) in nearly 20 dual-element-filled CoSb3 are investigated via
ab initio density functional calculations. The two types of filling impurities are selected from rare-
earths (La, Ce, Eu, Yb), alkaline-earths (Ba, Sr), and alkaline metals (Na, K) with different chemical
nature. Our results show that alkaline-earth and alkaline metal atoms can be jointly filled into the
crystal voids, and the total filling fraction limits follow a linear correlation rule, that is, the filling
fraction of one element decreases linearly whereas the other element’s increases. Cofilling of alkaline-
earth (or alkalinemetal) with rare-earth shows one filler dominant, usually alkaline-earth (or alkaline
metal), or the one with relatively high filling fraction limit. Rare-earth impurities as cofilling atoms
have relatively lower filling fractions than alkaline-earth (or alkalinemetal) atoms. Eu has a relatively
high FFL comparable to the FFLs of alkaline-earths, and the total FFL for the Na-Eu cofilled
CoSb3 may be higher than that of the Na-single-filled CoSb3 (65%, the highest FFL). A model to
estimate the FFLs for the filling with more than two types of elements in filled skutterudites is also
discussed.

1. Introduction

As a group of promising thermoelectric (TE) materials,

filled skutterudites (i.e., caged CoSb3 with filling impu-

rities in its crystal voids) have attracted great attentions

in recent years.1,2 The performance of TE materials is

determined by the figure of merit ZT value. ZT can be

expressed as ZT = TσS2/κ, where σ is the electrical

conductivity, S is the Seebeck coefficient, and κ is

the thermal conductivity. Binary skutterudite CoSb3
crystallizes in a body-centered-cubic structure with space

group Im3 and has interstitial voids at the 2a positions

(12 Sb-coordinated) in the lattice.UnfilledCoSb3 exhibits

good electrical transport performance, but its thermal

conductivity is relatively high, and therefore does not

show good TE performance. According to the concept

“phonon-glass-electron-crystal” introduced by G. Slack,3,4

the thermal conductivity of CoSb3 could be reduced by
impurity filling, so various void-filling impurities5-18(La,
Ce, Nd, Eu, Yb, Ba, Sr, Ca, In, Tl, Sn, Ge, K, Na, etc.)
have been used to fill the voids of CoSb3 to form partially
filled skutterudites. The filler atoms “rattle” inside the
oversized cages, acting as additional phonon scattering
centers, and therefore reduce the lattice thermal con-
ductivity.19-21 This makes the filled CoSb3 skutterudites
one kind of potential excellent TE materials.
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A lot of theoretical works on electronic structures and
other properties have been carried out on skutterudites.
Singh and co-workers studied various properties of IrSb3,
CoSb3, CoAs3, CoP3, LaFe4P12, and (La,Ce)Fe4Sb12 by
using the linearized augmented planewavemethodwithin
the local density approximation.22-24 Loevvik et al. and
Bertin et al. investigated the thermodynamic stabilities
and electronic properties of CoP3- andCoSb3-based filled
skutterudites.25,26 Ab initio calculations combined with
classical Boltzmann transport equation under constant
relaxation time approximation have been used to study
electrical transport properties in our previous work,27,28

and they are successful in evaluating transport properties
of thermoelectric materials, such as Seebeck coefficients.
The filling fraction limits (FFLs) of impurities in CoSb3

have significant effects on both the electrical and thermal
transport properties.1-18 In recent years, a theoretical
method for FFL prediction has been developed on basis
of the density functional calculations. The FFL of an
impurity is found to be determined not only by the
interaction between the impurity and host atoms but also
by the formation of secondary phases between the im-
purity atoms and one of the host atoms. The FFLs for
rare-earths (RE),29,30 alkaline-earths (AE),30 and alkaline
metals (AM)31,32 in single-element-filled skutterudites
have been estimated using the ab initio method, and they
show great agreement with experiments.29-32 So far the
reported lattice thermal conductivities of the filled CoSb3
are still higher than those of the traditional TE materials,
such as Bi2Te3 and PbTe.33 To improve their thermo-
electric performance, it is necessary to reduce the thermal
conductivity, which is inversely proportional to ZT.
Recent work showed that multiple-element-filling in

skutterudites could be an effective approach to further
decrease the lattice thermal conductivity.34-37 Multiple-
filling atoms in the voids can create various localized
vibration modes that can scatter the lattice phonons with
different frequencies, and thus lattice thermal conductivity

could be expected to be further reduced. However, the
diversity and complexity of filling multiple elements in
skutterudites introduce great difficulties in experiments.
So far, only a few experimental reports on multiple-
element-filled skutterudites are available. Therefore, it is
critical to theoretically study the filling systematic of
impurities in multiple-element-filled CoSb3 and under-
stand the factors that determine the FFLs.
Using the density functional ab initio method,30-32 the

FFLs of impurities in nearly 20 dual-element-filled skut-
terudites have been investigated. In our previouswork, an
anomalous Na-Eu dual-filling has been studied in de-
tail.38 The present work presents a systematic study on the
FFLs in dual-element-filled CoSb3. In the following
parts, we will briefly describe the computational method
in Section II. In Section III, we will first discuss the
numerical results as well as some experimental valida-
tions, and then introduce the models for estimating the
FFLs for the filling withmore than two types of elements,
and last discuss the implication of our work for the
thermoelectric performance improvement of the filled
CoSb3. In Section IV, we will give a summary.

2. Computational Methods

The projector augmented wave (PAW) method and Per-

dew-Burke-Ernzerhof (PBE) generalized gradient approxi-

mation (GGA) for the exchange-correlation potential, as

implemented in the Vienna ab initio simulation package

(VASP), are utilized in the study.39-41 A plane-wave cutoff

energy of 350 eV and an energy convergence criterion of 1 �
10-4 eV for self-consistency are adopted. All calculations are

carried out in a supercell (2� 2� 2 primitive cell) with 128 atoms

and 8 voids. All the ions are relaxed toward equilibrium until the

calculated Hellmann-Feynman forces on each atoms are<1�
10-2 eV/Å, and lattice parameters are optimized by fitting the

Birch-Murnaghan equation of state.42 Only gamma point is

used for both the pure and filled CoSb3 in the supercell, and a

6� 6� 6Monkhorst-Pack uniform k-point sampling is used for

other compounds,43 such as secondary phases and simple ele-

ments. The above computational methods and parameter set-

tings have been proved to be reliable in predicting the filling

fraction limits for impurities in single-element-filled CoSb3.
29-32

Test calculations also show that denser k-points for filled CoSb3
(e.g., 2� 2� 2 k-points sampling) only lead to minor changes to

the final results.

The body-centered cubic skutterudite contains large voids at

the positions of 2a, and atoms Co and Sb locate at the positions

of 8c and 24g, respectively.30 The conventional crystallography

unit cell and the primitive cell are plotted in figure 1, where A

and B represent different impurity atoms filled into the large
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cages. Within a conventional unit cell, there are only two

different filling patterns: null filling (filling fraction = 0) or full

filling (A, 0.5; B, 0.5). To study various filling fractions of the

CoSb3 voids, calculations are carried out in a supercell (2� 2� 2

primitive cell). There are 128 atoms and 8 voids for pure CoSb3
within the supercell, which has nine different filling fractions

from 0 to 1 differing by 0.125 for single filling CoSb3.

As for dual-element filling, the configuration problem is

much more complicated than that of single filling. The number

of possible filling configurations for each composition is much

larger than that of single filled systems, and they are not just

limited to the 9 filling patterns (from 0 to 1 differed by 0.125).

When two different elements are filled into the crystal voids

together, such as K and Ba atoms, there are 31 different filling

patterns evenwithout considering the configuration problems at

the same filling fraction. All kinds of different occupation

configurations are optimized to obtain themost stable structure.

Nearly 20 different dual-element cofilling cases are studied using

the above approach, and multiple filling fractions can then be

approximately evaluated based on the calculation results for the

dual-element fillings.

3. Results and Discussion

3.1. Crystal Structure. In all calculations, both the
lattice constants of each supercell and the positions for
ions are fully optimized. In certain filling fraction, the
lattice constant remains the same for each configura-
tions,29,30,32 andwe use the one that has the lowest energy.
Based on our results, lattice constants increase linearly
with increasing filling fractions for all the dual-element-
filled CoSb3. Similar phenomena were also found in
previous work for single-filling systems.29,30,32 As for
the dual-element-filled CoSb3, it was found that the
lattice constants with the same filling fractions but dif-
ferent filling combinations also exhibit a linear relation-
ship. This is shown in Figure 2, where the relationship
between lattice constant and filling fraction y for one of
the two filler atoms is plotted. The total filling fraction is
set to be 0.5. x and y are the filling fractions of the two
types of filler atoms.
Our previous work showed that the FFLs of impurities

in filled CoSb3 are determined by the competition be-
tween the formation of the filled skutterudites and that of

secondary phases, and is independent of the initial quan-
tity of filler atoms.30 It has been shown that the ionic
radius and valences of the filling impurities affect their
FFLs greatly based on the final FFL data.32 Figure 3
plots the FFLs of the reported filler impurities with the
correlation to the corresponding ionic radius and valence
charge states. There are 12 Sb atoms around each filler
impurity, so the coordination number is twelve, and the
12-coordination (CN = 12) ionic radius44 are used in
figure 3. But only the 8-coordination (CN=8) radius for
Li ion could be found in ref 44., so the radius of CN= 8
for Li ion is used. It is seen that to form a stable filled
skutterudite the ionic radius of the filler atom comes from
a lower limit 1.2 Å to a upper limit 1.65 Å. Below the lower
limit (1.2 Å), the size of the voids in CoSb3 is too large for
the fillers, and they can not form stable bonding between
the filler atoms and the surrounding Sb atoms. In con-
trast, filler atoms with ionic radii larger than the upper
limit 1.65 Å (but smaller than the void radius) are too
large for the voids inCoSb3, and therefore, the interaction
between the filler ions and antimony atoms would lead to
repulsion because of a strong overlap of the valence
electrons. That could explain the reason why Li and Cs
impurities can not fill into the voids of CoSb3 (see
Figure 3). Because of the same reason, the rare-earths
after Sm (except Eu and Yb) can not be filled into the
voids of CoSb3. In addition to the ionic radii, the valence
of a filler atom also affects its filling fraction. Figure 3
indicates that with the similar ionic radius a lower charge
state leads to a higher FFL. The fillers Na and K with
charge state þ1 have relatively large FFLs compared to

Figure 1. Conventional crystallography unit cell (light dashed line) and
the primitive cell (thick solid blue line) of skutterudite structure. A and B
represents different filler atoms. This figure shows a full filling pattern
(A, B, 2a; Co, 8c; Sb, 24g).

Figure 2. Calculated lattice constants as a functionof filling fractiony for
the Ba-Yb, Na-Yb, and Na-Ba dual-element-filled CoSb3. The total
filling fraction is fixed at 0.5.

Figure 3. Relations between the ionic radii and charge states29,30,32 of
various filler atoms and the corresponding filling fraction limits for stable
single filling. The dashed curves are guides for eyes.

(44) Shannon, R. D. Acta Crystallogr., Sect. A 1976, 32, 751.
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the alkaline-earths and rare-earth metals at the compara-
tive ionic radii. Eu (þ2) and Yb (þ2) atoms have higher
filling fractions than other rare-earth atoms, such as La
(þ3), Ce (þ3).29-32

3.2. Filling Fraction Limit. Similar to our previous
work, by considering the formation of both the filled
skutterudite and secondary phases,29,30 the formula of the
final chemical reaction for the formation of a dual-
element-filled CoSb3 can be written as following

KþBaþ 4CoSb3 f
1

A
KxBayCo4Sb12 þA-x

A
KSbþ

A-y

A
BaSb2 þ 4ðA-1Þ

A
CoSb2 ð1Þ

The corresponding reaction of the filled skutterudite and
secondary phases can be expressed as

xKþ yBaþ 4CoSb3 f KxBayCo4Sb12 ð2Þ

KþBaþ 3CoSb3 f KSbþBaSb2 þ 3CoSb2 ð3Þ
Note that the K-Ba-filled CoSb3 has been taken as an
example to simplify the expression. For other filler-atom
combinations, the differences are the coefficients before
the compounds and the subscripts of the secondary
phases. In eq 1, x (y) is the filling fraction for impurity
atom K (Ba) and is independent of the coefficient of pure
K (Ba) phase, which has been set as one.A is a parameter
that is given by A = 4 - x - 2y. The formula of other
filling reactions can be written in a similar way. Notice
that only the x (y) fraction of the impurity atoms go into
the voids and the rest form the secondary phases.
Consider that there may be solid solutions, e.g., (M1-R

NR)Sb2 as an example, in the reaction of secondary phase
formation (eq 3) when two or more different elements get
involved in the filling. The reaction can be written as (1-
R)MSb2 þ RNSb2 f (M1-RNR)Sb2, and the formation
enthalpy of the solid solutions is

ΔHS ¼ EðM1-RNRÞSb2 -ð1-RÞEMSb2 -RENSb2 ð4Þ
The formation enthalpies ofNa-K, Ba-Eu, and Eu-Yb
systems have been calculated by using the ab initio
method. Some of the results are shown in Figure 4. The
results indicate that the formation enthalpyΔHS is usually

positive, implying that it is easy to form pure secondary
phases instead of solid solutions. Experimentally, there
were also no secondary phases at any solid solution states
observed in dual-element filling of different combina-
tions, which is consistent with our calculations.
By considering the random distribution of fillers in

CoSb3 and introducing the configurational entropy, the
Gibbs free energy corresponding to eq 1 at a finite
temperature for dual-element filling is given by

ΔG3 ¼ A-x

A
ΔH2

K þA-y

A
ΔH2

Ba þ 1

A
fΔH1ðx, yÞþ

kT ½xln xþ yln yþð1-x-yÞlnð1-x-yÞ�g ð5Þ

WhereΔH1(x, y) is the formation energy when impurity
atoms fill into lattice voids corresponding to eq 2. ΔH2

K-
(or ΔH2

Ba) is the formation energy of secondary phases
corresponding to eq 3 with only K (or Ba) phase
(superscript) being involved in the reaction. k is the
Boltzmann constant and T is the absolute temperature.
The detailed explanation of these parameters can be
found elsewhere.29-32

The two filling impurities are selected fromRE (La, Ce,
Eu, Yb), AE (Ba, Sr), and AM (Na, K), which differ in
chemical nature by categories. Nearly 20 typical dual-
element-filled CoSb3 systems are studied by using ab
initio calculations. Unlike the single-element-filled CoSb3
systems, the Gibbs free energy for a dual-element-filled
CoSb3 is related to both x and y values. By searching for
the minimum ofΔG3 with respect to the filling fractions x
and y, the FFL inmultiple-filledCoSb3 can be obtained in
terms of ΔH1, ΔH2

M, and ΔH2
N. M and N represent

different types of filler atoms (M, N = K, Ba, ...).
Figure 5 shows a few typical contour plot patterns of

the iso-energy surface ofΔG3, as functions of both x and y
at T = 1000 K for some representative dual-element-
filled CoSb3. The lower ΔG3 values, as indicated by the

Figure 4. Formation enthalpies of forming solid solutions (see eq 4 in
text) related to the Na-K, Ba-Eu, and Eu-Yb dual-element-filled
CoSb3 systems.

Figure 5. Gibbs free energy patterns for some dual-element-filled CoSb3
systems (MxNyCo4Sb12) at 1000 K.
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darker regions in the plots, represent more stable dual-
element filling at the filling fractions. Most of the dual-
element-filled systems have the linear band pattern as
shown in Figure 5a. The filling fraction of one filler
decreases linearly as that of the other increases, and the
total FFL, i.e., maximum x þ y, falls in between the two
single-element FFLs. Figure 5a is for the K-Ba-filled
systems and the values in the plot indicate theΔG3 of
contour lines. There is a large black band which means
that stable dual-element filled skutterudite can be ob-
tained in this area (see Figure 5a). It indicates that
impurity atoms K and Ba could be jointly filled into the
crystal voids at almost any rates, and the sum of filling
fractions follows a linear correlation rule. Panels b and c
in Figure 5 show the ΔG3 contour plots for the Na-Yb
and Ba-Ce dual-filled systems. It can be seen that adding
RE fillers into the voids usually increases Gibbs free
energy. From panels b and c in Figure 5, we can expect
that given adequate filler atoms, the final products are
dominant AE (or AM)-filled CoSb3. However, the final
products may also contain a small amount of RE fillers.
With the lowering of the filling fractions of the dominant
fillers (AE or AM), the filling fractions of RE fillers
increases slightly. The filler atoms that have relatively
high FFLs in single-filled CoSb3 usually dominate the
filling when they are filled into the voids together with
other elements. Figure 5d is for the Eu-La cofilled
system; the dominant filler atom is Eu, as expected.
We also calculate the total filling fractions when fixing

the filling fraction of one of the two filler atoms at a given
value. All the calculated filling fraction results are shown
in Figure 6a-d. Figure 6a plots the relationship between
the total filling fraction of Na--M dual-filling CoSb3 and
the filling fraction of Na atoms, where M represents one
of the other filler impurities (M=K, Sr, Ba, La, Eu, Yb).
Figure 6b-d plot the total filling fraction of K-M,
Ba-M(or Sr-M), and Eu-Mdual-filling systems versus

the given filling fraction of K, Ba (Sr), and Eu atoms,
respectively. For the systems cofilled with AE-AE,
AE-AM, or AM-AM combinations, such as K-Ba
cofilling, the filling fraction can change continuously,
and is marked by solid symbols in Figure 6. For the other
cofilled systems, the filling fraction is marked by open
symbols, indicating that the stable dual-filling skutteru-
dites show one filler dominant, usually the AE or AM
fillers, or the onewith relatively high single-filling fraction
limit. Experimentally, when controlling the filling frac-
tions of AM or AE at lower values, the total filling
fractions also follow a nearly linear trend.
Our calculations show that the FFL of one element

decreases substantially as the other element’s increases,
and the total FFL value usually falls in between the values
of the two single FFLs, or is dominated by one FFL. One
exception is the Na-Eu dual-filling CoSb3 system
(Figure 6a), in which the increasing filling fraction of
Na atoms does not cause decreasing of the filling fraction
of Eu atoms. Therefore, the total FFL of the Na-Eu
cofilled CoSb3 can reach a very high value, almost close to
full filling. This anomalous filling has been studied in a
previous paper.38 The AM atoms Na and K have the
relatively high dual filling fractions because of their low
valence charge states (þ1). Because of the high valence
charge states, RE metals as cofillers usually lead to
relatively low total filling fractions, whereas Eu as cofiller
atom has similar filling fraction to that of AE atoms (see
Figure 6c,d). The Ce impurity has a low filling fraction
when filled into the structure voids together with other
impurity atoms, as shown in Figure 5c,d for Ba-Ce dual-
filled systems.
On the basis of the above results, we can summarize the

following findings:
(1) When selecting AE and AM as cofiller impurities,

the filling behaviors are simple linear because of the
similar electronic structures of the fillers. The filling

Figure 6. Relationship between the total filling fraction and the corresponding filling fraction of one of the cofiller atoms. (a-d) Filling fractions of Na-,
K-, Ba- (Sr-), and Eu-related cofilling CoSb3 systems, respectively. The lines are guides for the eyes.
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fraction of one element decreases linearly as the other
element’s increases, and the total FFL falls in between the
two end FFL values that correspond to the two elements
filling into the cages separately. They could be jointly
filled into the crystal voids at any rates.
(2)WhenREandAE (orAM) jointly fill into theCoSb3

cages, the total filling fraction is lower than that of the
cofilling of AE and AM. They could not be jointly filled
into the crystal voids at arbitrary rates though the fillings
also follow a linear correlation rule, as shown in panels b
and c in Figure 5b for Na-Yb and Ba-Ce dual-filled
CoSb3. Usually, the AE or the AM atoms dominate the
filling. There is only a limited filling fraction of RE atoms
that can be filled into the crystal voids, especially for Ce,
when they act as cofiller atoms. When Eu atoms fill into
the voids together with AE or AM atoms, Eu may have a
relatively large filling fraction compared to other RE
atoms (See Figure 6d). This is consistent with the higher
FFL of Eu in single-filled CoSb3 in comparison with
other RE because of its lower charge state and proper
ion radius (see Figure 3).
(3) When taking two different RE elements as cofiller

impurities, the filling behavior is similar to the second case,
that is, one of the two elements dominates the cofilling,
usually the onewith relatively high singleFFL, as shown in
Figure 5d for the Eu-La cofilled system.
The dual-element cofilling behaviors could be approxi-

mately divided into the three categories as discussed
above. One special case needs to be addressed, that is
the Na-Eu cofilling system. The Na-Eu cofilling shows
an anomalous filling behavior, and details have been
discussed elsewhere.38

3.3. Factors Determining FFL. A. Analysis of ΔH1.
Factors that determine the FFLs for dual-element-filled
CoSb3 are more complicated than those for single-ele-
ment-filled CoSb3. The formation of filled CoSb3 by
filling two different impurities, such as K and Ba, can
be described by eq 2. The corresponding formation
enthalpy ΔH1(x, y) can be defined in the form of
ΔH1(x, y) = EKxBayCo4Sb12

- xEK - yEBa - 4ECoSb3
,

which includes the interactions between the same types
of elements, ΔE2

K for K-K pairs and ΔE2
Ba for Ba-Ba

pairs, and that between different types of elements,
ΔE2

K-Ba for K-Ba pairs (see eq 6 below). Within a
reasonable approximation, the formation enthalpy
ΔH1(x, y) could be decomposed into three parts

ΔH1ðx, yÞ � xΔHK
1 þ yΔHBa

1 þ xyΔEK-Ba
2

¼ x
�
ΔEK

1 þ xΔEK
2

�
þ y

�
ΔEBa

1 þ yΔEBa
2

�
þ

xyΔEK-Ba
2 ð6Þ

Here, ΔH1
K(ΔH1

Ba) represents the formation enthalpy of
the pure K-filled (Ba-filled) CoSb3,

29-32 and it has nearly
a linear dependence on ΔE1

K(ΔE1
Ba) and ΔE2

K(ΔE2
Ba), as

proved before.29-32 ΔE1
K(ΔE1

Ba) represents the formation
energy of filling an single impurity K (Ba) into the crystal
void of CoSb3 and is determined by the interaction
between the filler impurity and its neighboring host

atoms.29-32 Note that a simple electronegativity selection
rule (xSb- xI > 0.80) was found to determine whether an
impurity can be filled into the crystal voids for single
filling. BecauseΔE1

K(ΔE1
Ba)mainly comes from theK-Sb

(Ba-Sb) bonding energy and relates to the electronega-
tivity difference, and it shows no difference from the
single filling case. Generally speaking, the simple electro-
negativity selection rule is still valid for dual- or multiple-
filled skutterudites.ΔE2

K(ΔE2
Ba) mainly comes from the

Coulombic interactions between K-K (Ba-Ba) atoms
screened by crystal environment and could be related to
impurity valence charge state qX by

ΔEX
2 �

q2X
RX

e-2RX=R0

, where RX is the distance between impurities X and
relates closely to the lattice constant of the filled
CoSb3.

29-32 The filling-induced change of lattice con-
stants is small in filled systems,29 so RX could be reason-
ably taken as a constant. Using this relationship forΔE2

X,
the effective charge states of the single filling impurity
atoms were estimated.29-32is the effective screening
length describing the screening effect of the CoSb3 crystal
environment around a charged filler, and was estimated
to be around 12.58 Å for single-filled CoSb3 systems. This
value is much larger than those (typically ∼2-3 Å) for
metals, suggesting a weak charge screening effect in
CoSb3.

30 The last term in eq 6, xyΔE2
K-Ba, counts

approximately the total K-Ba interactions in the dual-
filled system and thus depends on x and y.
Figure 7 plots the schematic diagrams of various inter-

actions in K-Ba dual-filled CoSb3, in which the interac-
tionΔE2

K-Ba between different types of elements is clearly
indicated together with all other quantities. The Sb atoms
represent the host atoms in the filled skutterudites in
Figure 7. The arrows indicate the different interactions
between the filler atoms and those between the fillers and
the host atoms.
In ab initio scheme, the total interaction energy between

different types of filler atoms could be estimated by

ΔEK-Ba ¼ EKxBayCo4Sb12 þ 4ECoSb3 -EKxCo4Sb12 -

EBayCo4Sb12 � xyΔEK-Ba
2 ð7Þ

WhereΔE2
K-Ba is the effective interaction energy per pair

of K-Ba atoms. The interactionΔE2
K-Ba plays a key role

Figure 7. Schematic diagrams of various interactions in dual-element-
filled CoSb3. K-Ba cofilling CoSb3 is taken as an example.
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in determining the cofilling behavior. Considering the
fact that the interaction between filler impurities was
proven to be primarily Coulombic in single-filled CoSb3,

29,30

we may reasonably infer that the ΔE2
K-Ba also comes

from the Coulombic interaction between different fillers
screened by crystal environment. Generally, the interac-
tion could be written as ΔE2

M-N, and M and N represent
different types of filler atoms. Therefore, this interaction
can be expressed as

ΔEM-N
2 �

ZqMqN

RM-N
e-2RM-N=R0

RM-N is the distance between fillers M and N. qM and qN
are the effective charge states of M and N. R0 is the
effective screening length as mentioned before. Z is the
coordination number of the nearest neighbor of crystal
voids. In the filled CoSb3, the value ofZ is 8. If there is no
interaction ΔE2

M-N, the filling of the two different ele-
ments is independent. Figure 8 plots ΔEM-N/x ≈ y for
K-Ba- and Na-Eu-filled CoSb3. Results for K-Ba
cofilled systems (See Figure 8a) show a linear relation-
ship, which means that the interaction ΔE2

K-Ba is close to
be a constant. On the basis of our calculations, all the
ΔEM-N data using alkaline earths and alkaline metals as
cofiller atoms follow a similar linear behavior, indicating
that the effective charge states of the fillers and the crystal
structure parameters keep almost unchanged in these
systems, even with change from single to multiple filling.
This can explain why the alkaline-earths and alkaline
atoms could be jointly filled into the crystal voids follow-
ing a linear correlation rule (see Figure 5a). TheΔEM-N/x
curves for the cofilling systems with RE and AE (or AM)
deviate from the linear correlation trend, and with the
Na-Eu cofilled system as a very special case (see
Figure 8b).38

For single-filled CoSb3, the distance between filler
impurities (RX) and the effective screening length (R0)
are close to be constants. Therefore, the Coulombic
interaction ΔE2

X shows a good linear dependence on
qX
2 .30 With the estimated ΔE2

M-N using eq 7, we plot
the relationship between ΔE2

M-N and the product of
valence charge states (qMqN) for various dual-element-
filled systems in Figure 9. Higher charge states, such as
Ba (þ2) and La (þ3), lead to higher interaction energy
ΔE2

M-N, which may result in an unstable filled skutter-
udite and then the dominant filling of the filler with

relatively low charge state. Most of the rare-earth-re-
lated systems have relatively high ΔE2

M-N values, so the
FFLs of RE-filled CoSb3 systems are low based on our
calculations except for filler atoms Eu. The correlation
between theΔE2

M-N and qMqN for the series of dual-filled
CoSb3 systems investigated seems to be close to linear in
general trend, even with deviation for a few systems,
which also indicates that the decomposition of formation
energy in an approximate linear way (eqs 6 and 7) is
reasonable.

B. Factors DeterminingΔH2. In principle, there are no
differences in the derivation for the formation energy of
secondary phases ΔH2 in single-filled system and dual-
filled CoSb3. However, considering the different chemical
formula for secondary phases of AM, AE, and RE
elements, for instance, the NaSb for Na and BaSb2 for

Figure 8. Interaction energyΔEM-N/x as a function of y at different x values for dual-element-filledMxNyCo4Sb12: (a) K-Ba system, (b) Na-Eu system.
The dashed lines are guides for the eyes.

Figure 9. Relationship between the interaction energy ΔE2
M-N and the

product of the effective valence charge states of fillers M and N. The
dashed line is a guide for the eyes.

Figure 10. Relationship between the formation energies ΔH2/n of sec-
ondary phases for different filler impurities and the square of the valence
charge states (qX

2 ) of the corresponding fillers. The dashed line is a linear
fit.
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Ba, we re-express the formation reaction and formation
energy in a general way as

Xþ nCoSb3 f nCoSb2 þXSbn ΔH2

¼ EXSbn þ nECoSb2 -EX -nECoSb3

¼ ðEXSbn-nESb-EXÞ-nðECoSb3 -ESb -ECoSb2Þ ð8Þ
where n equals 1 or 2 for different impurities. The net
result of the terms in the first bracket represents the
cohesive energy of XSbn, and that in the secondary
bracket is a constant with a coefficient n. The term
(EXSbn

- nESb - EX) could be considered to be approxi-
mately proportional to qX

2 based on our earlier analysis,30

where qX is the effective charge state of the filler atomX in
the void. So the formation energy for the secondary
phases should satisfy

ΔH2=n ¼ ðEXSbn -nESb -EXÞ=n-ðECoSb3 -ESb -ECoSb2Þ �

C1q
2
X þC2 ð9Þ

where C1 and C2 are presumed to be constants. Though
the equation is not a rigorous description, the correlation
between ΔH2/n and qX

2 , as plotted in Figure 10, shows a
reasonably good linear relationship.

C. Analysis of the Dual-Element Filling Fractions. By
using eqs 5 and 6, the Gibbs free energy ΔG3 can be
simplified to be

ΔG3 ¼ A-x

A
ΔH2

K þ x

A
ΔHK

1

� �
þ

A-y

A
ΔH2

Ba þ y

A
ΔHBa

1

� �
þ 1

A
xyΔEK-Ba

2 ð10Þ

where the configuration entropy term has been neglected
for a simplified analysis. The first term in eq 10 corre-
sponds to the K single filling, and the second term to the
Ba single filling. The last term xyΔE2

K-Ba describes the
interactions between the filler impurities K and Ba.
Though we can not obtain an analytical solution of the
groups of (x, y) values corresponding to the minimum of
ΔG3, at each predefined x, the relationship between ym

and x, together they define all extremes of ΔG3, can be
obtained analytically as

ym ¼ ð4-xÞ
2

-
1

2
ffiffiffiffiffiffiffiffiffiffiffiffi
ΔEBa

2

q y
1=2
0 ð11Þ

y0 ¼
�
ΔEBa

2 þ 4ΔEK
2 -2ΔEK-Ba

2

�
x2 þ 16ΔEBa

2 þ

8
�
ΔEBa

1 -ΔH2
Ba
�
þ
h
4
�
ΔEK

1 -ΔH2
K
�
-

2
�
ΔEBa

1 -ΔH2
Ba -ΔEBa

2

�
þ 8ΔEK-Ba

2

i
x ð12Þ

eq 6 has been inserted into eq 10 for the above derivation.
Note that the parameters, except for the parameter
ΔE2

K-Ba, can be approximately obtained from the calcu-
lated energies for single-filling CoSb3.

29-32 The para-
meters of those energy quantities (ΔE1, ΔE2, ΔH2) for
filled skutterudites are given in Table 1. Numerical values
of ΔE1

K,ΔE1
Ba, ΔE2

K, ΔE2
Ba, ΔH2

K, and ΔH2
Ba are obtained

from the calculations for single-element-filled CoSb3.
29-32

The parameter ΔE2
K-Ba, an extra term in dual-element-

filledCoSb3, is obtained by using eq 7 and calculations for
dual-element-filled CoSb3. The relationship between y0
and x can be calculated by using the fitting data list in
Table 1. This correlation is plotted in Figure 11 for some
dual-element-filled CoSb3. Generally speaking, y0 does
not change substantially with the increasing x. From
Figure 11, we can see that the coefficient of x2 in eq 12
is very small, which leads to a linear relationship between
y0 and x. Detailed analysis of the data in Table 1 indicates

Table 1. Various Interaction Energies in Dual-FilledMxNyCo4Sb12 Obtained by Fitting the Ab initio Data toModel Equations; See Eq
6
and Explanation in

the Corresponding Text

ΔE1
M (eV) ΔE1

N (eV) ΔE2
M (eV) ΔE2

N (eV) ΔE2
M-N (eV) ΔH2

M (eV) ΔH2
N (eV)

K-Na -0.875 -0.662 0.188 0.164 0.440 -0.644 -0.437
K-Ba -0.875 -2.133 0.188 0.775 0.742 -0.644 -1.64
K-Sr -0.875 -1.964 0.188 0.685 0.677 -0.644 -1.5
K-La -0.875 -2.668 0.188 1.471 0.887 -0.644 -2.14
K-Eu -0.875 -2.341 0.188 0.634 0.695 -0.644 -1.83
K-Yb -0.875 -1.822 0.188 0.828 0.481 -0.644 -1.38
Na-La -0.662 -2.668 0.164 1.471 0.481 -0.437 -2.14
Na-Yb -0.662 -1.822 0.164 0.828 0.452 -0.437 -1.38
Na-Sr -0.662 -1.964 0.164 0.685 0.598 -0.437 -1.5
Na-Ba -0.662 -2.133 0.164 0.775 0.592 -0.437 -1.64
Ba-La -2.133 -2.668 0.775 1.471 1.383 -1.64 -2.14
Ba-Yb -2.133 -1.822 0.775 0.828 0.681 -1.64 -1.38
Ba-Eu -2.133 -2.341 0.775 0.634 1.077 -1.64 -1.83
Sr-Yb -1.964 -1.822 0.685 0.828 0.634 -1.5 -1.38
Eu-La -2.341 -2.668 0.634 1.471 1.044 -1.83 -2.14
Eu-Yb -2.341 -1.822 0.634 0.828 0.566 -1.83 -1.38

Figure 11. Relationship between y0 and x in eq 12. x is the filling fraction
of one of the filling atoms. In general, y0 does not change substantially
with increasing x.
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that the filler atoms with different charge states (such as
K-Ba) do give almost zero coefficient of x2, whereas the
filler atoms with the same charge states (such as Ba-Yb)
lead to a nonzero coefficient of x2 (with a value slightly
bigger than zero). The constant term in eq 12 is much
bigger than zero (8.546 eV for K-Ba, 8.456 eV for
Na-Ba). Therefore, based on eq 11, we may understand
that the filling fraction y for one of the filling elements
decreases with the increased filling fraction x for the other
filling element in dual-filled CoSb3.

D. Model to Predict FFLs inMultiple Filling.TheFFLs
of single- and dual-element-filled CoSb3 have been studied
systematically. Through the detailed study on FFLs, we
expand our knowledge about the void filling in typical
caged compound, e.g., the CoSb3. On the basis of the
aforementioned results and theory, a model to predict the
FFLs for triple- and even multiple-filled CoSb3 can be
approximately developed. In the approach, the formula
reaction for the triple-element-filled CoSb3 is expressed as

NaþBaþYbþ 4CoSb3 f
1

B
NaxBayYbzCo4Sb12þ

B-x

B
NaSbþB-y

B
BaSb2 þB-z

B
YbSb2 þ 4ðB-1Þ

B
CoSb2

ð13Þ
Where x, y, and z are the filling fractions of Na, Ba, and
Yb. The parameter B= 4- x- 2y- 2z. If we ignore the
high order interactions that involve three different atoms
(such as ΔENa-Ba-Yb), the formation energy with three
different impurities filling into the voids can be written as

ΔH1ðx, y, zÞ � xΔHNa
1 þ yΔHBa

1 þ zΔHYb
1 þ

xyΔENa-Ba
2 þ xzΔENa-Yb

2 þ yzΔEBa-Yb
2 ð14Þ

The corresponding Gibbs free energy can be written in the
following form

ΔG3 ¼ B-x

B
ΔH2

Na þ x

B
ΔHNa

1

� �
þ

B-y

B
ΔH2

Ba þ y

B
ΔHBa

1

� �
þ B-z

B
ΔH2

Yb þ z

B
ΔHYb

1

� �
þ

1

B
xyΔENa-Ba

2 þ 1

B
xzΔENa-Yb

2 þ 1

B
yzΔEBa-Yb

2 þ
1

B
kT ½xln xþ yln yþ zln zþð1-x-y-zÞlnð1-x-y-zÞ�

ð15Þ

There are many types of interactions in filled skutterudites
(See Figure 7). Generally speaking, it is only the effective
interactions from the filler pairs at the nearest neighbor
that play an important role when filling atoms into the
crystal voids. The eq 14 shows that the interactions in
triple-filledCoSb3 are similar to those in dual-filledCoSb3.
Therefore, it is reasonable to predict the FFLs in multiple-
filledCoSb3 by using the fitting data from single- and dual-
filled CoSb3 as listed in Table 1. Using the parameters
given in Table 1, the Gibbs free energy of triple-element-
filled CoSb3 can be obtained, and then the filling fractions
of multiple filling systems can be predicted.
As an example, Figure 12 plots the Gibbs free energy

patterns for Na-Ba-Yb triple filling CoSb3 at T= 0K.
Figure 12 shows that fixing the filling fraction of Na (Ba)
atoms leads to the dominant Ba (Na) filling, while Yb has
small filling fraction. The filling behavior is in general
similar to those in the dual-element filling. The filling of
Ba and Na follows a linear way at a fixed Yb filling.
Multiple-element filling in CoSb3 is expected to be more
effective in reducing thermal conductivity, but there are
more diversity and complexity in experiment. A systema-
tic study on FFL of multiple-element-filled CoSb3 is of
great importance in theory and experiment. Further work
will be carried on in the future.
3.4. Implications for Materials Synthesis. By using ab

initio calculations and thermodynamic analysis, the FFL
of single-element-filled CoSb3 has been understood very
well. All calculated results agree well with the measured
data. A simple electronegativity selection rule was found
to determine whether a filler impurity can be stably filled
into the crystal voids. The simple selection rule leads to
the discovery of the alkaline-metal-filled CoSb3,

29-32 and
ultrahigh FFLs in a few AM-filled CoSb3 have been
predicted and then confirmed experimentally. This is
favorable in searching for novel filled phases by experi-
mentalist. Comparing with the single filling, the FFL
study in dual-element-filled CoSb3 is more important
because of the diversity and complexity in experiment.
Filler atoms locating at the crystal voids not only

interact with lattice phonons in a resonant scattering
way to reduce thermal conductivity but also regulate
the current carrier to improve electrical transport proper-
ties. Our analysis shows that the filler-projected density of
states usually falls well above the Fermi level, and there-
fore, the donated electrons mainly tune Fermi level and
thus carrier concentration for n-type. That is why the
charge states of those fillers do not change much from

Figure 12. Gibbs free energy contour for Na-Ba-Yb triple-element-filled CoSb3 systems at 0 K. (a) Na, x=0.125; (b) Ba, y=0.125; (c) Yb, z=0.125.
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single filling. We did some analysis on the electrical
transport properties of single filling systems and con-
cluded a rule of “0.5 electrons per unit cell” for optimizing
performance of n-type CoSb3 skutterudites.

28 As for the
thermal properties, we found that the reduction of ther-
mal conductivity depends critically on the rattling fre-
quencies of the filling atoms.35Our calculations show that
the filler impurities in filled skutterudites can be approxi-
mately categorized into three groups according to their
resonant phonon frequencies: rare earths, alkaline earths,
and alkali metals. The phonon resonant frequencies are
comparable for filler elements within the same group of
similar chemical nature; however, they are significantly
different among different groups. It is shown that multi-
ple filling using elements from different groups can be an
effective method for additional kL reduction in filled
skutterudites. Such as the Ba-Ce and Ba-Yb combina-
tions may be more effective than Ba-Sr combinations.
This has been proved by experiments.35 As for most
effective combinations of the multiple filling with more
than two different types of fillers, although we may still
follow the same qualitative way of selection as we have
done for dual filling, an quantitative guidance with pre-
determined filler types and filling fractions will be much
helpful. But, that is not an easy job andwe are working on
that now.
The reported total filling fractions in Ba-Yb and

Ba-Ce dual-filled CoSb3 systems are shown in figure 13.
The open squares and triangles are calculated results,
whereas the solid symbols are measured data.36,45 The
sum of the measured filling fractions are usually slightly
lower than the theoretically predicted value. For Ba-Yb
cofilled systems, a few of experimental data are very close
to the theoretical limit. The results for the Ba-Ce dual-
filled systems seem to have a good agreement. On the one
hand, the consistency comes from the fact that the
theoretical results are the upper limits as proven by
experiments. On the other hand, it also reveals that a
careful synthesis process can truly realize the ultimate
filling to maximum filling fractions.
All the studies above correspond to the case that the

multiple-filled skutterudites form homogeneous com-

pounds. However, in fact, formation of compounds with
inhomogeneous compositions distribution or phase split-
ting is also possible when filler atoms go into the crystal
voids. In our calculations, there are a few cases in which
the dual-filled phase may form two different phases, such
as K-Yb dual-filled CoSb3 (See Figure 14). There are
two extremes in the contour plot of ΔG3, one is the K-
dominant filled CoSb3 and the other is the Yb-dominant
filled phase. It might imply that when K and Yb are
cofilled into the crystal voids, they do not form a stable
homogeneous dual-element-filled CoSb3; on the con-
trary, they prefer to form two single-element filled CoSb3.
This may due to the large difference in radius between K
(1.65 Å) andYb (1.18 Å) and different charge states in the
filled skutterudites. If this can be controlled, the splitting
phases may form certain nanostructures or even super-
lattice, which is potentially important to search for new
thermoelectric materials.

4. Summary

In conclusion, the filling fraction limits of dual-ele-
ment-filled CoSb3 are systematically investigated by ab
initio density functional calculations. Our results show
that TheAE andAMatoms could be jointly filled into the
crystal voids, and the total filling fraction limits follow a
linear correlation rule, that is, the filling fraction of one
element decreases linearly while the other element’s in-
creases. This can be understood reasonably from their
similar electronic configuration, lower ionic valence
charge states and comparable ionic radius (Naþ, 1.34
Å; Kþ, 1.65 Å; Ba2þ, 1.61 Å; Sr2þ, 1.44 Å),44 and
relatively high single-filling fraction limits comparing to
that of rare-earth atoms (K, Na >60%, Ba, Sr 40%).
Cofilling of AE (or AM) with RE shows one filler
dominant, usually the AE (or AM), or the one with
relatively high filling fraction limit. RE impurities as
cofilling atoms have relatively lower filling fractions than
AE (orAM) atoms. Eu atoms as a cofiller has comparable
filling fraction to that of alkaline-earth atoms. This is
reasonable because Eu2þ has radii (Eu2þ, 1.35 Å)44

comparable to that of other AE (Ba, Sr) and AM (Na,
K) elements. This may explain why Eu atom has higher
filling fraction limit than other RE atoms, especially for
Na-Eu dual-element-filled CoSb3 system with a very
high total FFL. Comparison with the existed experimen-
tal data is made, and the agreement seems reasonable.

Figure 13. Comparison between the measured total filling fractions
(solid symbols) and the corresponding calculated values (lined with open
symbols). The open (theory) and solid (experiment) black squares are for
the Ba-Yb-filled CoSb3. The open (theory) and solid (experiment)
triangles are for the Ba-Ce-filled CoSb3. The lines are guides for the eyes.

Figure 14. Gibbs free energy for K-Yb dual-element-filled CoSb3 sys-
tem at 1000 K.

(45) Bai, S. Q.; Pei, Y. Z.; Chen, L.D.; Zhang,W.; Zhao,X.Y.; Yang, J.
Acta. Mater. 2009, 57, 3135.
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Model to predict the FFLs for filling with more than two
types of fillers in CoSb3 is also discussed. Filler atoms in
the crystal voids not only interact with lattice phonons as
a resonant phonon scattering centers to reduce thermal
conductivity but also regulate the current carriers to
optimize electrical transport properties. Theoretical sys-
tematic study on the FFLs in filled skutterudites, includ-
ing single-element, dual-element, and multiple-element-
filling CoSb3, could speed up the searching for novel

thermoelectric materials and save costs for blind trying in
experiments at the same time.
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